Abstract: Application of a particle swarm optimization to a physically-based erosion model. The diffi culties involved in calibration of physically based erosion models have been partly attributable to the lack of robust optimization tools. This paper presents the essential concepts and application to optimize channel and plane parameters in an erosion model, with a global optimization method known as Repulsive Particle Swarm (RPS), a variant of Particle Swarm Optimization (PSO) method. The physically-based erosion model that which was chosen is called WESP (watershed erosion simulation program). The optimization technique was tested with the fi eld data collected in an experimental watershed located in a semi-arid region of Brazil. On the basis of these results, the recommended erosion parameter values for a semi-arid region are given, which could serve as an initial estimate for other similar areas.
INTRODUCTION
Physically-based distributed models have been largely used to predict runoff and sediment yield in basins, especially those based on kinematic wave assumptions. Although it is a fairly complex task, such models are well suitable for this purpose.
The major problem concerning the use of physically-based model in erosion prediction is the need of parameters which cannot be directly measured in the fi eld. In this context, many algorithms for function optimization are employed to fi nd values for those parameters. However, it is diffi cult to assure that the fi nal value for the parameter is not a result of either a local minimum or another trap. Therefore, more robust algorithms are required to estimate the parameter's fi nal value. Particle Swarm Optimization (PSO) is a population based stochastic optimization technique, inspired by social behavior of bird fl ocking or fi sh schooling. It shares many similarities with evolutionary computation techniques such as Genetic Algorithms (Santos et al. 2003) . The system is initialized with a population of random solutions and searches for optima by updating generations. However, unlike GA, PSO has no evolution operators such as crossover and mutation. In PSO, the potential solutions, called particles, fl y through the problem space by following the current optimum particles. The detailed information will be given in following sections. Compared to GA, the advantages of PSO are that PSO is easy to implement and there are few parameters to adjust. PSO has been successfully applied in many areas: function optimization, artifi cial neural network training, fuzzy system control, and other areas where GA can be applied. The objective of this work is to use Repulsive Particle Swarm (RPS) method of optimization, which is one of the variants of PSO, for application with the watershed erosion simulation program WESP developed by Lopes and Lane (1988) for a micro-basin in a semiarid region of Brazil. The paper presents the general details of the model and the method.
PARTICLE SWARM METHOD
The Particle Swarm Optimization (PSO) was invented by Eberhart and Kennedy (1995) inspired by and simulating the behaviour of birds. This method is an instance of a successful application of the philosophy of bounded rationality and decentralized decision-making to solve the global optimization problems (Simon 1982) . It is observed that a swarm of birds or insects or a school of fi sh searches for food, protection, etc. in a very typical manner. If one of the members of the swarm sees a desirable path to go, the rest of the swarm will follow quickly. Every member of the swarm searches for the best in its locality -learns from its own experience. Additionally, each member learns from the others, typically from the best performer among them. Even human beings show a tendency to learn from their own experience, their immediate neighbours and the ideal performers. The Particle Swarm method of optimization mimics the said behaviour. Every individual of the swarm is considered a particle in a multidimensional space that has a position and a velocity. These particles fl y through hyperspace and remember the best position that they have seen. Members of a swarm communicate good positions to each other and adjust their own position and velocity based on these good positions. There are two main ways this communication is done: (i) "swarm best" that is known to all (ii) "local bests" are known in neighborhoods of particles. Updating the position and velocity is done at each iteration as follows:
where x is the position and v is the velocity of the individual particle, the subscripts i and i + 1 stand for the recent and the next (future) iterations, respectively; w is the inertial constant, good values are usually slightly less than 1; c 1 and c 2 are constants that say how much the particle is directed towards good positions, good values are usually right around 1. Further, r 1 and r 2 are random values in the range [0, 1] , ˆi x is the best that the particle has seen, ˆg i x is the global best seen by the swarm. This can be replaced by ˆL x , the local best, if neighborhoods are being used.
The Particle Swarm method has many variants. Proposed by Urfalioglu (2004) , the Repulsive Particle Swarm (RPS) method of optimization, one of such variants, is particularly effective in fi nding out the global optimum in very complex search spaces (although it may be slower on certain types of optimization problems).
In the traditional RPS the future velocity, v i+1 of a particle at position with a recent velocity, v i , and the position of the particle are calculated by:
where r 3 ∈[0,1] is a random number, ω is inertia weight, ∈[0.01, 0.7], x h is best position of a randomly chosen other particle from within the swarm, z is a random velocity vector, α, β and γ are constants, and the other variables are as defi ned earlier. Occasionally, when the process is caught in a local optimum, some chaotic perturbation in position as well as velocity of some particle(s) may be needed.
Some modifi cations in the RPS method
The traditional RPS gives little scope of local search to the particles. They are guided by their past experience and the communication received from the others in the swarm. We have modifi ed the traditional RPS method by endowing stronger (wider) local search ability to each particle. Each particle fl ies in its local surrounding and searches for a better solution. The domain of its search is controlled by a new parameter (nstep). This local search has no preference to gradients in any direction and resembles closely to tunnelling. This added exploration capability of the particles brings the RPS method closer to what is observe in real life. However, in some cases moderately wide search (e.g., nstep = 9) works better. It has been said that each particle learns from its 'chosen' inmates in the swarm. Now, at the one extreme is to learn from the best performer in the entire swarm. This is how the particles in the original PS method learn. However, such learning is not natural. It is not expected that the individuals know as to the best performer and interact with all others in the swarm and therefore some rely only on the possibility of a limited interaction and limited knowledge that any individual can possess and acquire. Then, our particles do not know the 'best' in the swarm. Nevertheless, they interact with some chosen inmates that belong to the swarm. Now, the issue is: how does the particle choose its inmates? One of the possibilities is that it chooses the inmates closer (at lesser distance) to it. But, since our particle explores the locality by itself, it is likely that it would not benefi t much from the inmates closer to it. Other relevant topologies are (the celebrated) ring topology, ring topology hybridized with random topology, star topology, von Neumann topology, etc. Let us visualize the possibilities of choosing (a predetermined number of) inmates randomly from among the members of the swarm. This is much closer to reality in the human world. We experience this when we are exposed to the mass media. Alternatively, we may visualize our particles visiting a public place, (e.g. railway platform, church, etc.) where they meet people coming from different places. Here, geographical distance of an individual from the others is not important. Important is how the experiences of others are communicated to us. There are many sources of such information, each one being selective in what one broadcasts and each of us selective in what we attend to and, therefore, receive. This selectiveness at both ends transcends the geographical boundaries and each one of us is practically exposed to randomized information. Of course, two individuals may have a few common sources of information.
We have used these arguments in the scheme of dissemination of others' experiences to each individual particle. Presently, we have assumed that each particle chooses a pre-assigned number of inmates (randomly) from among the members of the swarm. However, this number may be randomized to lie between two pre-assigned limits.
THE STUDIED AREA
The WESP model was utilized to simulate runoff and erosion in a bare micro-basin, which is one of the four micro-basins of the Sumé Experimental Watershed, in the northeastern Brazil. Its mean slope, area and perimeter are 7.1%, 0.48 ha, and 302 m, respectively. This experimental watershed was operated from 1982 to 1991 by SUDENE (Superintendency of Northeast Development, Brazil), ORSTOM (French Offi ce of Scientifi c Research and Technology for Overseas Development) and UFPB (Federal University of Paraíba, Brazil) to obtain fi eld data for calculating the runoff and sediment yield produced by rainfall in a natural environment (Cadier et al. 1983) .
The experimental basin includes four micro-basins, nine erosion plots of 100 m 2 , and several micro-plots of 1 m 2 operated under simulated rainfall within a sub--basin of 10.7 km 2 . The surface conditions and the slope were varied among the plots and micro-basins. Four standard raingauges and two recording raingauges, installed close to the micro-basins and plots, provided the rainfall data. At the outlet of the micro-basins, a rectangular collector was installed for the measurement of water and sediment discharge. A 90º triangular weir at the end of the collector allowed the measurement of outfl ow discharges. The collector held all the surface runoff and sediment discharges for most of the low to medium rainfall events, thereby providing a means for accurate runoff and sediment measurement. Based on the work of Santos et al. (1994) , 21 events were selected between 1987 and 1988 and 17 more events were selected between 1989 and 1991 making up a total of 38 events. These periods were chosen because the microbasin was maintained bare during them, under controlled conditions of maintenance. Figure 1 shows the relationship between the total rainfall depth and the corresponding sediment yield, where the observed data are plotted according to antecedent days without rainfall in four groups. The sediment yield is very small when that total rainfall depth is less than about 10 mm due to the large infi ltration capacity of the soil and large evaporation in the semi-arid area. Except for few events, the sediment yield is infl uenced by the antecedent days without rainfall as well as by the total rainfall depth. Another parameter to characterize the rainfall intensity and duration should be introduced to describe the exceptions.
WESP MODEL
Lopes and Lane (1988) developed a physically-based distributed model called WESP, which computes runoff and sediment yield based on kinematic waves approximation for the surface fl ow due to excess rainfall r e (m/s), which is obtained by the subtraction of the infi ltration rate f(t) from the rainfall intensity I, i.e., r e = = I -f(t). The model was developed for small basins to generate the hydrograph and the respective sedigraph. The infi ltration process is modelled with the Green--Ampt equation (Green and Ampt 1911), which could be written in the form:
where, K s is the effective saturated soil hydraulic conductivity (m/s), F(t) is the cumulative depth of infi ltrated water (m), ψ is the average suction head at the wetting front (m), Δθ is the change in the moisture content, and t is the time variable (s). The moisture content θ and suction head ψ may be expressed as a single parameter that could be called soil moisture-tension parameter N s , such that:
where θ s is the soil moisture content at saturation, which is almost equal to the soil porosity and θ i is the initial soil moisture content. The surface fl ow is considered to be either the overland fl ow on planes or channel fl ow.
Overland fl ow
The spatially varied overland fl ow is considered one-dimensional and is described by Manning's turbulent fl ow equation:
where u is the local mean fl ow velocity (m/s), R H (x,t) is the hydraulic radius (m), S f is the friction slope and n is the Manning friction factor. Thus, the local velocity for plane fl ow could be obtained considering the hydraulic radius equal to the depth of fl ow (R H = h) and using the kinematic wave approximation resulting in the friction slope being equal to the plane slope (S 0 = S f ) as:
where h is the depth of fl ow (m), α' is a parameter related to surface slope and roughness, equal to (1/n)S 0 1/2
, and m is a geometry parameter whose value is set to 5/3 for wide rectangles.
The equation of continuity for the one--dimensional plane could, then, be written as:
From equations (7) and (8), the overland fl ow velocity and depth (u, h) could be calculated for a given rainfall excess r e . The beginning of surface runoff is obtained by determining the pounding time (t p ) for an unsteady rain.
Sediment transport is considered as the erosion rate in the plane reduced by the deposition rate within the reach. The erosion occurs due to raindrop impact as well as surface shear. Thus, the continuity equation for sediment transport is expressed as: where c is the sediment concentration in the surface fl ow (kg/m 3 ), e I is the rate of sediment erosion due to rainfall impact (kg⋅s/m 2 ), e R is the erosion rate due to shear stress (kg⋅s/m 2 ), and d is the rate of sediment deposition (kg⋅s/m 2 ). The rate of sediment erosion due to rainfall impact e I is a function of the rate of detachment by raindrop impact and the rate of transport of sediment particles by shallow fl ow. A simple functional form of detachment by raindrop impact could use rainfall intensity as a measure of the erosivity of raindrop impact (Foster 1982) , and in order to include the process of sediment transport by shallow fl ow on hillslopes, Lane and Shirley (1985) included rainfall and expressed e I as:
where K I is the soil detachability parameter (kg⋅s/m 4 ). The rate of sediment erosion due to shear stress e R is expressed by an entrainment rate proportional to a power of the average shear stress acting on the soil surface (Croley 1982; Foster 1982) as:
where K R is a soil erodibility factor for shear (kg⋅m/N 1.5 s), and τ is the effective shear stress (N/m 2 ), which is given by τ = γhS f , γ being the specifi c weight of water (N/m 3 ). Entrainment and transport of sediment occur when the erosive forces exceed the resisting forces. Water fl owing over the soil surface exerts shear forces on the soil particles that tend to move or entrain them. On bare soil surface and stream beds, the forces that resist the erosion by fl owing water depend on the size and the distribution of the sediment particles. For coarse sediments, the forces resisting entrainment are mainly frictional forces that depend on the weight of the particles. Finer sediments that contain appreciable fractions of silt or clay, or both, tend to be cohesive and resist entrainment due mainly to cohesion than friction. Also, in fi ne sediments groups of particles (aggregates) get entrained as single units whereas coarse noncohesive sediments are moved as individual particles. Thus, the amount of entrainment is related to the magnitude of total shear stress as expressed in equation (11) rather than to a "critical" shear stress. Finally, the rate of sediment deposition d in equation (9) is not only the deposition of the particular sediment per unit of area and per unit of time, but it also represents the rate at which the column of suspension loses solids per unit of time, and is expressed as (Einstein 1968) :
where ε p is a coeffi cient that depends on the sediment and fl uid properties, set to 0.5 in the present study based on Davis where γ s is the specifi c weight of sediment (N/m 3 ), ν is the kinematic viscosity of water (m 2 /s), d s is the mean diameter of the sediment (m), and g is the acceleration of gravity (m/s 2 ).
Channel fl ow
The concentrated fl ow in the channels is also described by continuity and momentum equations. The momentum equation could be reduced to the discharge equation with the kinematic wave approximation as:
where Q is the discharge (m 3 /s), and A is the cross-sectional area of fl ow (m 2 ). The continuity equation for the channel fl ow is given by:
where q A is the lateral infl ow per unit length of channel. Equations (15) and (16) enable the calculation of channel fl ow. Since the effect of rainfall impact is negligible in the channel, the continuity equation for the sediment is expressed without the rainfall impact component by:
where C(x,t) is the sediment concentration in transport in the channel (kg/m 2 ), q s is the lateral sediment infl ow into the channel (kg s/m), d c is the rate of sediment deposition in the channel (kg⋅s/m), and e r is the erosion rate of the channel bed material (kg⋅s/m). The components of the net sediment fl ux for the channel segment are given as follows: the erosion rate of the channel bed material e r is obtained from a general equation, initially developed for bed-load transport capacity (Croley 1982; Foster 1982) :
where a is the sediment erodibility parameter, and τ c is the critical shear stress for sediment entrainment (N/m 2 ), which is given by τ c = δ(γ s -γ)d s , where δ is a coeffi cient, set to 0.047 in the present study, γ s is the specifi c weight of sediment (N/m 3 ), and d s is the mean diameter of sediments (m). The rate of sediment deposition within the channel d c (kg⋅s/m) in equation (17) is expressed by (Mehta 1983) :
where ε c is the deposition parameter for channels, considered as unity in the present case based on the study of Einstein (1968) , and T W is the top width of the channel fl ow (m). From equation (17), sediment transport rate (CQ) could be calculated for the overland fl ow with A and Q obtained from equation (16).
APPLICATION AND RESULTS

Setting of the RPS parameters
The RPS method contains some probabilistic and deterministic components which are controlled by some algorithmic parameters. For the method to perform optimally, these parameters must be chosen carefully. The following set of parameters was used in the present work: (N = 100, NN = 40, MX = 100, NSTEP = = 15, ITRN = 1, NSIGMA = 1, ITOP = 3), in which N is the population size. In most of the cases N = 30 works well but its value may be increased to 50 or 100. The parameter NN is the size of randomly chosen neighbours, which ranges from 15 to 25 (but suffi ciently less than N) is a good choice. The parameter MX is the maximal size of decision variables. In f(x 1 , x 2 ,..., x m ), m should be less than or equal to MX. The parameter ITRN is the number of iterations. It may depend on the problem. Commonly, the range from 200 (at least) to 500 iterations may be good enough. But for functions like Rosenbrock or Griewank of large size (say m = 30) it is needed that ITRN is large, say 5000 or even 10 000. Exceptionally, the ITRN was set to 1 in order to gain in time execution and the results were satisfactory enough. If ITOP less than or equal to 1 (ring topology); ITOP equal to 2 (ring and random topology); ITOP larger than or equal to 3 (random topology). If NSIGMA is equal to 0, it means no chaotic perturbation; NSIGMA equal to 1 means chaotic perturbation. In certain cases the one or the other specification works better. Different specifi cations of parameters may suit different types of functions or dimensions -one has to do some trial and error.
Optimization of the runoff-erosion model
Firstly, a scheme of planes and channels was selected to represent the studied area. The schematization of the micro-basin in 10 elements was reported (Santos et al. 1994) to be the best scheme to represent the area, thus this schematization was selected in this studied. In the WESP model some parameter values are fi xed a priori such as Manning friction factor, which was assumed as 0.02 for planes and 0.03 for channels based on the soil type, its grain size composition and surface characteristics, the specifi c weight of water (9.8 kN/m 3 ), and the specifi c weight of sediment (2.6 × 10 4 N/m 3 ). However, there are some parameters that are specifi c for this area which should be determined by fi eld tests such as the saturated soil hydraulic conductivity K s whose average value was set equal to 5.0 mm/h and the mean diameter of sediments d s whose value was assumed to be equal to d 50 (0.5 mm). The other parameter values should be based either on the literature or determined by calibration with an optimization process.
There are four parameters in the WESP model to be determined by optimization (N s , a, K R and K I ). The fi rst parameter to be calibrated in the WESP model is the soil moisture-tension parameter N s of equation (5), which was calibrated by minimized the following runoff objective function:
where L o is the observed runoff depth (mm) and L c is the calculated one (mm).
The remaining three parameters are related to the erosion process, so the optimization had to be done according to the adjustment of computed and observed sediment yield data. Since there are no universally applicable values for these three erosion parameters (a, K R and K I ), they were optimized using the RPS method. The range in which these parameters could vary was chosen to be N s (0.1 to 200 mm), a (0.001 to 0.1 kg ⋅ m 2 ), K R (0.1 to 10.0 kg m/N 1.5 s), and K I (0.1 × × 10 8 to 10.0 × 10 8 kg s/m 4 ). The initial values of the runoff and erosion parameters were randomly set. The erosion objective function J E to be minimized was:
where E o is the observed sediment yield (kg) and E c is the calculated one (kg). The optimization for the 38 events agreed 100% with each event. The mean values of the erosion parameters are computed as a = 0.017 kg m 2 , K R = 2.035 kg m/N 1.5 , and K I = 4.566 × 10 8 kg⋅s/m 4 and they were used then to run new simulations. Figure 2 shows the simulation results for the sediment yield with some acceptable degree of agreement, except for few events, which can be attributed to some errors in the observed data as well as to the fact that mean parameter values were used for such runs.
CONCLUSION
A physically-based erosion model was used to simulate the runoff and sediment yield from a micro-basin in a semiarid region of Brazil. The conclusions are as follows: (1) the physically-based erosion model was shown to be useful for simulation in small areas; (2) the RPS algorithm was proved to be a robust optimization technique; (3) the soil moisture-tension parameter N s depends also on the initial moisture content then it should be different for each rainfall event, (4) the channel erosion parameter a, the soil detachability factor K R , and sediment entrainment parameter by rainfall impact K I are obtained as constant for almost all rainfall events in the experimental basin, i.e. a = 0.017 kg m 2 , K R = 2.035 kg m/N 1.5 , and K I = 4.566 × 10 8 kg s/m 4 .
